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Abstract: The main purpose of developing of mechanical hands is to give robots the knack in order to grasp objects of varying 
geometric and physical properties. The complete model is a coupling of models which describe contact behavior with generally 
using the models of rigid-body kinematics and dynamics. The contact model fundamentally come down to the choice of 
components of contact force and moment which are transmitted through each contact. Mathematical properties of the complete 
model obviously bring about two primary grasp types whose physical interpretations provide insight for grasping and 
manipulation planning. A grasp with complete restraint avoids loss of contact and therefore is so secure. As will be mentioned, 
two primary limitation properties are force closure and form closure. A form closure grasp assurances the maintenance of contact 
as long as the links of the hand and the proposed object are also well verged on as rigid and as long as the joint actuators are 
sturdy enough. It should be noted that the main difference between force closure and also form closure grasps is the latter’s 
reliance on contact friction. 
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1. Introduction 

A grasp is commonly defined as a set of various contacts 
models on the surface of the object, which purpose is to 
constrain the potential motions of the object in the event of 
external disorders [1–4].Grasping is a typical human 
capability that is practical in robotic hand system nowadays 
and is employed in a variety of ways. Except the human hands 
many biological model exists in nature that they can be used in 
different sectors. A sample of the biomimetic systems from 
the motion mechanism of animals are used in biomimetic 
micro-robots [5-9]. In particular, the three most important 
functions are to restrain objects, to explore and to manipulate 
objects. For grasping motion control of robotic two abilities, 
hands tactile and slippage sensations are very important and 
difficult [10]. To successfully manipulate objects in carry out 
many complex manipulation tasks, robot systems require 
some form of tactile feedback to distinguish the object’s 
hardness, structure and geometrical position [11]. For 

example, some items may be soft and light, for example a 
stuffed animal or a void cardboard box, while others might be 
dense and hard, such as a glass bottle or testing tool set (knives) 
as presented in Figure. 1 [12]. 

For a specific robotic hand, different grasp types are 
planned and analyzed in order to decide which one to execute. 
Given these 2D points in each image, we use triangulation to 
obtain a 3D position at which to actually attempt the grasp. 

Figure 2 displays the examples of grasping found for 
various objects [13]. Thus, rather than trying to triangulate 
every single point within each image in order to estimate the 
depths. We merely try to triangulate one point corresponding 
to the 3D point where we will grasp the desire object [14]. 

If we want to grasp a formerly known object, or if we can 
attain a full 3D model of the object, next several approaches 
for instance ones based on friction cones [15, 16], form- and 
force-closure [17-21], pre-stored primitives [22], or other 
methods can be applied, and the rest of paper is organized as 
follows: 

Section 2 states the grasp analysis based on Form closure. 
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In order to investigate it carefully, we divided this section into 
four parts and mathematical studying are conducted in detail. 

Section 3 establishes grasp analysis based on Force closure. 
A grasp has force closure, or is force closed, if the grasp can be 
maintained in the face of any object wrench. Force closure is 
the same as the form closure, however relaxed to permit 
friction forces to help balance the object wrench. A benefit of 
including friction in the analysis is the reduction in the number 
of contact points needed for closure As will be seen, this 

segment divided into three parts, and like previous section, 
mathematical studying are done. 

Section 4 proposes "Grasped Polygon in the Plane". As can 
be expected grasping of polygon is difficult at the moment. In 
order to achieve our purpose, simple mathematical studying 
based on the proposed methods are introduced. Later 
"Hyperstatic Grasps" is presented in depth finally, concluding 
remarks are presented.  

 

Fig. 1. Examples of unstable grasps from best single approach. 

 

Fig. 2. 3D visualizations of the best detected grasp in several scenes. The colored axes represent the orientation of the grasp (blue is along the gripper wrist and 

red is normal to the gripper pads (as shown in Figure 3). 

2. Human Hand Behaviour 

2.1. Grasping Stability of an Object 

Concluded that the detection of the absence, incipence, or 
occurrence of slip are essential for human beings to grasp and 
lift a fragile object. By experiments in humans and 
chimpanzees, they showed that when the finger presses an 
object or when the object starts moving before slipping [23] , 
the skin stretches and the rapidly adapting (RAs), slowly 
adapting (SAs) and paining corpuscle (PCs) receptors are 
activated. The RAs and PCs respond only in the initial skin –
stretching phase (absence or incipience of slip) [24] and are 
inactive when the relative velocity of the object is not zero 
(when the object slips). Only the SAs receptors continue the 
respond in the slip situation.In addition, it is shown that the 
receptor response depends on the velocity of the relative 
motion between the object and the finger. So when a subject 
lifts an object, at first the skin is stretched and then small 
distinct slips that vibrate the object are observed. Each of 
those slips are strong enough to activate the mechanoreceptors 
and cause an automatic increase in the gripping force, in order 
to prevent the continuation of the relative motion of the object 
with respect to the skin. Finally, a human being perceives slip 
and incipient slip situation and operates its fingers to grasp 
stably an object. 

2.2. Lift and Hold 

After stable contact is achieved, the controller transitions to 

the next grasp phase: Lift and Hold. In this phase, the robot 
holds the object between its fingertips and moves its arm to 
accomplish higher level tasks. It is desirable for the grasp 
controller to hold the object firmly enough to avoid slipping, 
but gently enough to avoid crushing. As with FA-I signals in 
human grasping, the high-pass filtered force signal ���  is a 
strong indicator of slip. This signal is more reliable than �� 

itself, since it does not vary significantly with low-frequency 
robot motion and reorientation of the object with respect to 
gravity. We calculate the Slip condition as follows: 

Slip =(|���|>��·SLIPTHRESH) && ��	��	<FBPTHRESH) (1) 

Our Slip condition is met only when both subsidiary 
sensory comparisons evaluate to true. First, the magnitude of 
the force disturbance signal ��� must exceed a threshold that is 
defined by the product of the total force �� and a constant 
SLIPTHRESH; using this product rather than a constant value 
makes the robot less sensitive to force variations as the grip 
force increases. 

This approach was again inspired by human capabilities: 
Human force perception is known to follow Weber’s law, 
where a stimulus must vary by a certain percent of its 
magnitude to have the change be detectable [25]. 

Second, slips are considered only when the average grasp 
force does not change very quickly. This force stability 
condition was evaluated by treating the average finger pad 
force ��  with a first-order Chebyshev discrete-time 
band-pass filter with a pass band from 1 to 5 Hz to produce 	��	��	. This signal frequency cutoff of 1 Hz removes the mean 
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value from the grip force signal, while the higher cutoff of 5 
Hz removes the slip effects that are seen in���. This condition 
prevents the formation of a feedback loop when the controller 
increases its grip force to stop slip events, as discussed next. 
Every time Slip occurs, the controller increases the desired 
grip force �� by a small percentage of its current value, such 
that: 

�� = ��· KSLIP                          (2) 

Several alternative methods to respond to slip were tested, 
such as increasing the desired grip force proportional to the 
magnitude of the slip event, as done by Takahashi et al. [26]. 
However, this signal depends somewhat on the properties of 
the grasped object; therefore, we use it in order to detect only 
that the grasp has been disturbed. In contrast with [26], we 
found that allowing the grip force to decay over time resulted 
in a higher percentage of dropped objects. This difference is 
most likely because of the slower response time of the PR2 
gripper when compared with the hardware developed in [26]. 
This approach does cause the desire objects to be held tighter 
than the minimum required grasp force when transient slip 
conditions are experienced. 

 

 

Fig. 3. Task-specific generated model grasps. 

3. Restraint Analysis 

The most vital necessities in grasping and dexterous 
manipulation [27, 28] are the abilities to hold an object firmly 
in equilibrium and control the position and orientation of the 
grasped object in regard to the palm of the hand as can be seen 
in Figure 4 [29]. The two most valuable characterizations of 
grasp limitation are force closure and form closure [30]. These 
terms (force closure and form closure) were used over 125 
years ago in order to distinguish between joints which 
required an external force so as to maintain contact, and those 
that did not [31, 32]. For example, some water wheels had a 
cylindrical axle that was laid in a horizontal semi-cylindrical 
groove split on either side of the wheel. During operation, the 
weight of the wheel acted to close the groove–axle contacts, 
hence the term force closure. By contrast, if the grooves were 
replaced by cylindrical holes just long enough to accept the 
axle, then the contacts would be closed by the geometry(even 
if the direction of the gravitational force were reversed), hence 
the term form closure. When applied to grasping, form and 
force closure have the following interpretations. Assume that 
a hand grasping an object has its joint angles locked and its 
palm fixed in space; then the grasp has form closure, or the 
object is form closed, if it is impossible to move the object, 
even infinitesimally. Under the same conditions, the grasp has 
force closure, or the object is force closed, if for any 
noncontact wrench experienced by the object, contact wrench 
intensities exist that satisfy (20) and are consistent with the 
constraints imposed by the friction models applicable at the 
contact points. Notice that all form closure grasps are also 
force closure grasps. When under form closure, the object 
cannot move at all, regardless of the noncontact wrench [33]. 
Therefore, the hand maintains the object in equilibrium for 
any external wrench, which is the force closure requirement. 

 

Fig. 4. Equilibrium and control the position and orientation of the grasped object relative to the palm of the hand. 

Roughly speaking, form closure occurs when the palm and 
fingers wrap around the object forming a cage with no wiggle 
room such as the grasp shown in Fig. 5. This kind of grasp is 
also called a power grasp [34] or an enveloping grasp [35]. 
However, force closure is possible with fewer contacts, as 
shown in Fig. 4, but in this case force closure requires the 
ability to control internal forces. It is also possible for a grasp 
to have partial form closure, indicating that only a subset of 
the possible degrees of freedom are restrained by form closure 
[36]. An example of such a grasp is shown in Fig.8. In this 
grasp, fingertip placement between the ridges around the 

periphery of the gasoline cap provide form closure against 
relative rotation about the axis of the helix of the threads and 
also against translation perpendicular to that axis, but the other 
three degrees of freedom are restrained through force closure. 
Strictly speaking, given a grasp of a real object by a human 
hand, it is impossible to prevent relative motion of the object 
with respect to the palm due to the compliance of the hand and 
object. Preventing all motion is possible only if the contacting 
bodies are rigid, as is assumed in most mathematical models 
employed in grasp analysis. 



4 Eman Mirzaieepoor et al.:  Mathematical Studying in Control of Grasping  

 

3.1. Grasp Analysis 

The contact model can be used so as to investigate tasks 
involving multiple contacts. The set of contacts describing 
each grasp can be analyzed to test the grasp’s ability. As will 
be mentioned later, the grasps can be maintained for every 
likely disturbing load are recognized as closure grasps. Note 
that this review paper only concentrate on the grasp analysis 
for one object to estimate the dexterity of the selected grasps 
and decide which one is the best to be performed. 

3.2. Form Closure 

To make the notion of form closure precise, introduce a gap 
function denoted by ѱ
(�, �) at each of the �� contact points 
between the object and the hand. The gap function is zero at 
each contact, becomes positive if contact breaks, and negative 
if penetration occurs. The gap function can be thought of as 
the distance between the contact points. In general, this 
function is dependent on the shapes of the contacting bodies. 
Let ū and q̄ represent the configurations of the object and hand 
for a given grasp; then  

�
(�, �) = 0	∀	�	 = 	1, . . . , �c.            (3) 

The form closure condition can now be stated in terms of a 
differential change d� of		�� : 

A grasp (.u,.q) has form closure if and only if the following 
implication holds: 

�(� + 	��, �) 	≥ 	0 ⇒ 	��	 = 	0	,          (4) 

where ψ is the �� -dimensional vector of gap functions with 
� − �ℎ  component equal to ѱ
 	(�, �) . By definition, 
inequalities between vectors imply that the inequality is 
applied between corresponding components of the Expanding 
the gap function vector in a Taylor series about.u yields 
infinitesimal form closure tests of various orders.  

Let β	ψ	(u + q	), β = 1, 2, 3... denote the Taylor series 
approximation truncated after the terms of orderβ in du. From 
(3), it follows that the first-order approximation is: 

1%	(	�& + 	d�, �&) 	= 	 '%((,))'( * (	�&, �&)+(	,           (5) 

where ,�(�, �)/,�|(�&, �&)	denotes the partial derivative of ψ 

with respect to u evaluated at (ū , q̄ ).  
Replacing ψ with its approximation of order β in (4) implies 

three relevant cases of order β: 
1. If there exists du such that /	�	(�¯	 + 	��, �¯	) has at 

least one strictly positive component, then the grasp 
does not have form closure of order β; 

2. If for every nonzero du, /	�	(�& + 	��, �&	) has at least 
one strictly negative component, then the grasp has 
form closure of order β; 

3. If neither case 1 nor case 2 applies for all 1	�	(�& +
	��, �&	))	∀∀	1	 ≤ 	/ , then higher-order analysis is 
required to determine the existence of form closure. 

Figure.8 illustrates form closure concepts using several 

planar grasps of gray objects by fingers shown as dark disks. 
The concepts are identical for grasps of three-dimensional 
objects, but are more clearly illustrated in a plane. The grasp 
on the left has first-order form closure. Note that first-order 
form closure only involves the first derivatives of the distance 
functions. This implies that the only relevant geometry in 
first-order form closure are the locations of the contacts and 
the directions of the contact normal. The grasp in the center 
has form closure of higher order, with the specific order 
depending on the degrees of the curves defining the surfaces 
of the object and fingers in the neighborhoods of the contacts 
[37]. Second-order form closure analysis depends on the 
curvatures of the two contacting bodies in addition to the 
geometric information used to analyze first-order form closure. 
The grasp on the right does not have form closure of any order, 
because the object can translate horizontally and rotate about 
its center. 

3.3. First-Order Form Closure [38] 

First-order form closure exists if and only if the following 
implication holds: 

'%((,))
'( * (	�&, �&)+(34⇒	+(	5	4.            (6) 

The first-order form closure condition can be written in 
terms of the object twist ν: 

6789 ≥ 	0 ⇒ :	 = 	0	,             (7) 

where 678 = 	,�/,�;	 ∈ 	=7>×@. because the gap functions 
only quantify distances, the product G is the vector of normal 
components of the instantaneous velocities of the object at the 
contact points (which must be nonnegative to prevent 
interpenetration). This in turn implies that the grasp matrix is 
the one that would result from the assumption that all contacts 
are of the type PwoF. 

 An equivalent condition in terms of the contact wrench 
intensity vector 	A7 	 ∈ =7� can be stated as follows. 

A grasp has first-order form closure if and only 
If: 

67A7 = −B
A7 ≥ 	0 C ∀	B	 ∈ 	ℝ@	                    (8) 

The physical interpretation of this condition is that 
equilibrium can be maintained under the assumption that the 
contacts are frictionless. Note that the components of 	A7 are 
the magnitudes of the normal components of the contact 
forces. The subscript (. )7 is used to emphasize that 	A7 
contains no other force or moment components. Since g must 
be in the range of 67 for equilibrium to be satisfied, and since 
g is an arbitrary element of R6, then in order for condition (8) 
to be satisfied, the rank of 67 must be six. Assuming rank (67) 
= 6, another equivalent mathematical statement of first-order 
form closure is: there exists 	A7 such that the following two 
conditions hold [39]: 
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67A7 = 0	, 	A7 E 	0.                      (9) 

As can be inferred that there exists a set of firmly 
compressive normal contact forces in the null space of Gn. In 
other words, one can press the object as tightly as desired 
while maintaining equilibrium. A second interpretation of this 
condition is that the nonnegative length of the columns of 67 
must equal R6.The duality of conditions (7) and (8) can be 
understood obviously by examining the set of wrenches that 
can be applied by frictionless contacts and the corresponding 
set of possible object twists [40]. 

3.4. First-Order form Closure Requirements 

Several useful necessary conditions for form closure are 
known. In 1897 Somov proved that at least seven contacts are 
necessary to form close a rigid object with six degrees of 
freedom [41]. Lakshminarayana generalized this to prove that �F+1 contacts are necessary to form close an object with �F 

degrees of freedom [41] (based on Goldman and Tucker 1956 
[40]), see Table 1. 

Table 1. Minimum number of contacts �� required to form close an object 

with �F degrees of freedom. 

�F [42] ��  [46] 
3 (planar grasp) [43] 4   [47] 
6 (spatial grasp) [44] 7   [48] �F (general) [45] �F +1 [49] 

Table.1 led to the definition of partial form closure that 
was mentioned above in the discussion of the hand grasping 
the gasoline cap. Markenscoff and Papadimitriou determined 
a tight upper bound, showing that, for all objects whose 
surfaces are not surfaces of revolution, at most �F+1 contacts 
are necessary [50]. Form closure is impossible to achieve for 
surfaces of revolution. To emphasize the fact that �F +1 
contacts are necessary and not sufficient, consider grasping a 
cube with seven or more points of contact. If all contacts are 
on one face, then clearly the cube is not form closed. 

3.5. First-Order form Closure Tests 

Because form closure grasps are very secure, it is desirable 
to design or synthesize such grasps. To do this, one needs a 
way to test candidate grasps for form closure, and rank them 
so that the best grasp can be chosen. One reasonable measure 
of form closure can be derived from the geometric 
interpretation of the condition (9). The null space constraint 
and the positivity of A7represent the addition of the columns 
of 67  scaled by the components of A7 . Any choice of A7 
closing this loop is in N (67 ). For a given loop, if the 
magnitude of the smallest component of A7 is positive, then 
the grasp has form closure, otherwise it does not. Let us 
denote this smallest component by d. Since such a loop, and 
hence d, can be scaled arbitrarily, A7 should be bounded for 
computational expediency.  

After verifying that 67  has full row rank, a quantitative 
form closure test based on the above observations can be 
formulated as a linear program (LP) in the 

LP1: maximize : �	               (10) 

G�HIJK�	�L:	67A7 	� 	0	            (11) 

NA7 � 1�	 � 	0	                 (12) 

�	 � 	0                     (13) 

	18A7 	2 	 ��	,                   (14) 

Where N	 ∈ 	D7�?7�	 is the identity matrix and N	 ∈ 	D�7  a 
vector with all components equal to 1. The last inequality is 
designed to prevent this LP from becoming unbounded. A 
typical LP solution algorithm determines infeasibility or 
unboundedness of the constraints in the, so-called, phase I of 
the algorithm, and considers the result before attempting to 
calculate an optimal value [51]. If LP1 is infeasible, or if the 
optimal value d*is zero, then the grasp is not form closed. The 
quantitative form closure test (10-14) has �� +8 constraints 
and ��+1 unknowns. For a typical grasp with �� <10, this is 
a small linear program that can be solved very quickly using 
the simplex method. However, one should note that the metric 
d∗ is dependent on the choice of units used when forming 67. 
It would be advisable to non-dimensionalize the components 
of the wrenches to avoid dependence of the optimal d on ones 
choice of units. This could be done by dividing the first three 
rows of G by a characteristic force and the last three rows by a 
characteristic moment. However, if one desires a binary test, 
LP1 can be converted into one by dropping the last constraint 
(14) and applying only phase I of the simplex algorithm. In 
summary, form closure testing is a two-step process [32]: 

3.6. Form Closure Test 

1. Compute rank (67.). 
a) If rank(67.) ≠�P, then form closure does not exist. Stop. 
b) If rank (67.) = �P, continue. 
2. Solve LP1. 
a) If d*= 0, then form closure does not exist. 
b) If d*> 0, then form closure exists and d*is a crude measure 
of how far the grasp is from losing form closure. 

Variations of the Test: If the rank test fails, then the grasp 
could have partial form closure over as many as rank (67.) 
degrees of freedom. If one desires to test this, then LP1 must 
be solved using a new 67. formed by retaining only the rows 
corresponding to the degrees of freedom for which partial 
form closure is to be tested. If d*> 0, then partial form closure 
exists. A second variation is to constrain d to be greater than 
some large negative value. If this is done, then d*< 0 is a crude 
measure of how far a grasp is from achieving form closure. 

 

Fig. 5. Planar grasps with first-order form closure. 



6 Eman Mirzaieepoor et al.:  Mathematical Studying in Control of Grasping  

 

3.7. Planar Simplifications 

In the planar case, Nguyen [52] developed a graphical 
qualitative test for form closure. Figure 5 shows two form 
closure grasps with four contacts [53]. To test form closure 
one partitions the normals into two groups of two. Let QR be 
the nonnegative span of two normals in one pair and QS be the 
nonnegative span of the other pair. A grasp has form closure if 
and only if QR and QS or −QR and−QS see each other for any 
pairings. Two cones see each other if the open line segment 
defined by the vertices of the cones lies in the interior of both 
cones. In the presence of more than four contacts, if any set of 
four contacts satisfies this condition, then the grasp has form 
closure. Notice that this graphical test can be difficult to 
execute for grasps with more than four contacts. Also, it does 
not extend to grasps of three-dimensional (3D) objects and 
does not provide a closure measure. 

3.8. Position and Force Control 

In addition to the rich tactile sensations that are described 
earlier, humans excel at manipulation because they can move 

competently through free space but quickly transition to 
regulating grasp force during object contact [53]. Replicating 
the fluidity of human grasping with a high-impedance parallel 
jaw gripper [54, 55] requires well-designed position and force 
controllers. Both of these controllers appear several times in 
the high-level state diagram of Fig. 6; each controller block is 
labeled with its type, along with the desired motion or force 
output. To facilitate a generic presentation of our approach, 
the mathematical constants that are used in this paper are 
designated with an all-capitalized naming convention [56]. 

The PR2 gripper [57, 58] is a geared mechanism; therefore, 
it lends itself well to position control. Its position T�  in 
meters and its velocity vg in meters per second was defined. 
The position is zero when the fingers touch and positive 
otherwise so that the position value corresponds to the grip 
aperture. The gripper velocity follows the same sign as 
position, with positive values indicating that the hand is 
opening. A good achieve position tracking via a simple 
proportional-derivative controller with an additional 
velocity-dependent term to overcome friction  

U = VW	 X(T�−T�,YZ[)+KD·(9	�−9	�,YZ[)−sign(9	�,YZ[)·EFRICTION   (15) 

 

Fig. 6. State diagram of a robotic grasp controller. State transitions occur only after specific tactile events are detected. 

Constant-valued parameters, such as VCLOSE, are defined in 
Table 2. 

Here, E is the motor effort (in Newton), KP is the 
proportional error gain (in Newton's per meter), KD is the 
derivative error gain (in Newton seconds per meter), and T	�,YZ[ and 9	�,YZ[ are the desired gripper position (in meters) 
and velocity (in meters per second), respectively. 
EFRICTION is a scalar constant for feed forward friction 
compensation, applied to encourage motion in the direction 
of9	�,YZ[. Note that motor effort is defined to be positive in the 
direction that closes the gripper, which is opposite from the 
sign convention for the motion variables. Table 2 lists values 
and units for all of the constants that are used in our controllers, 
including KP, KD, and EFRICTION. 

Table 2. Valeus chosen for controller constants [59, 60]. 

ATHRESH 4.2	^/GS KHARDNESS 0.027m/s 
DLIMIT 0.02	h KP 20,000N/m 
EFRICTION 7.0	N KSLIP 1.08 
FBPTHRESH 0.25	N SLIPTHRESH 0.01 
FLIMIT 0.75	N TSETTLE 0.05s 
FTHRESH 0.15	N TUNLOAD 0.20s 
KD 5.000	hG/^ VCLOSE 0.04m/s 
KFCLOSE 0.0013	^/hG VOPEN 0.05 m/s 
KFOPEN 0.0008	^/hG VTHRESH 0.001 m/s 

A force controller on top of this position controller was 
created to enable the PR2 to better interact with delicate 
objects. This controller requires access to the fingertip force 
signals �� that are described earlier in Section IV-A. Forces 
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that compress the fingertips are defined to be positive so that 
positive motor effort has the tendency to create positive 
fingertip forces. A force controller that drives the desired 
position and velocity terms that are based on the error between 
the desired force and the actual force have been developed 
[61]. 

�	�,t
7 = 	^��	(��u , ��v	)	              (16) 

9	�,YZ[ = 	V�	 X 	 (�	�,t
7 	− 	�	�,YZ[)        (17) 

KF = wKFCLOSE	if	�	�,t
7 	− 	�	�,YZ[ 	< 	0	KFOPEN	otherwise.     (18) 

We servo on the minimum of the two finger forces �	�,���, 
as defined in (16), to ensure dual-finger contact. Errors to 
track the desired force �	�,��� are multiplied by the constant 
gain KF to yield the desired velocity for the position controller 
(17). This desired velocity is integrated over time to provide 
the position controller with a desired grip aperture �	�,��� . 
Experimental testing revealed that high values of the gain KF 
improved force tracking but caused the commonly 
encountered force-controller effect of chattering as well. It 
should be noted that an asymmetric gain definition (18), 
where KFCLOSE is greater than KFOPEN, allows for the best 
balance of stability and responsiveness during grasping. 

4. Force Closure 

4.1. Force Closure Definition 

A grasp has force closure, or is force closed, if the grasp can 
be maintained in the face of any object wrench. Force closure 
is similar to form closure, but relaxed to allow friction forces 
to help balance the object wrench. A benefit of including 
friction in the analysis is the reduction in the number of 
contact points needed for closure. A three-dimensional object 
with six degrees of freedom requires seven contacts for form 
closure, but for force closure, only two contacts are needed if 
they are modeled as soft fingers [62, 63], and only three 
(non-collinear) contacts are needed if they are modeled as 
hard fingers. Force closure relies on the ability of the hand to 
squeeze arbitrarily tightly in order to compensate for large 
applied wrenches that can only be resisted by friction. Figure 
8 shows a grasped polygon. Consider applying a wrench to the 
object that is a pure force acting upward along the y-axis of the 
inertial frame. It seems intuitive that, if there is enough 
friction, the hand will be able to squeeze the object with 
friction forces preventing the object’s upward escape. Also, as 
the applied force increases in magnitude, the magnitude of the 
squeezing force will have to increase accordingly. 

Since force closure is dependent on the friction models, 
common models will be introduced before giving formal 
definitions of force closure. 

4.2. Friction Models 

Recall the components of force and moment transmitted 
through contact 	�  under the various contact models given 

earlier [65, 66] (Table 3). At contact point �, the friction law 
imposes constraints on the components of the contact force 
and moment. 

Table 3. Vectors of contact force and moment components, also known as the 

wrench intensity vector, transmitted through contact �. 
Model A
 
PwoF  (�
7) 
HF (�
7�
��
�)8 

SF (�
7�
��
�^
7)8 

Specifically, the frictional components of A
are constrained 
to lie inside a limit surface, denoted by �
 , that scales linearly 
with the product �
 fin, where �
 is the coefficient of friction 
at contact �. In the case of Coulomb friction, the limit surface 
is a circle of radius �
fin. The Coulomb friction cone �
s a 
subset of R3: [66] 

�
 	= �(	�
�, 	�
�, �
�)*��
�S + �
�S ≤ �
�
��     (19) 

More generally, the friction laws of interest have limit 
surfaces defined in the space of friction components,	ℝu��R, 
and friction cones �
defined in the space of A
 ,	 ℝu� . They can 
be written as: [67] 

�
 	= {A
 	 ∈ 	ℝu
 	|	||A
 	||�	 ≤ 	 �
�}      (20) 

where ||A
  ||ω denotes a weighted quadratic norm of the 
friction components at contact �. The limit surface is defined 
by ||A
 || ω = fin. 

Table 4 defines useful weighted quadratic norms for the 
three contact models: PwoF, HF, and SF. The parameter �
 is 
the friction coefficient for the tangential forces, 9
  is the 
torsional friction coefficient, and a is the characteristic length 
of the object that is used to ensure consistent units in the terms 
of the norm of the SF model. 

4.3. A Force Closure Definition 

One common definition of force closure can be stated 
simply by modifying condition (8) to allow each contact force 
to lie in its friction cone rather than along the contact normal. 
Because this definition does not consider the hand’s ability to 
control contact forces, this definition will be referred to as 
frictional form closure. A grasp will be said to have frictional 
form closure if and only if the following conditions are 
satisfied: [67] 

6A	 = −B
A	 ∈ 	F � ∀	B	 ∈ 	ℝ7� , 

where F is the composite friction cone defined as: �	 = 	�1	 ×	·
	·	·× ��� = 	 {A	 ∈ 	=^|A
 	 ∈ 	 �
; 	�	 = 	1, . . . , ��},  and each Fi is 
defined by (20) and one of the models listed in Table 4. 

Letting Int(�)	denote the interior of the composite friction 
cone, Murray et al. give the following equivalent definition 
[35]: 
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Table 4. Norms for the three main contact models. 

Model ‖A
‖� 
PwoF  0 
HF 

1�
  �
�S � �
�S  
SF 

R¡� ��
�S � �
�S� R¢P� |^
7| 
Friction. Figure 8 shows a grasped polygon. Consider 

applying a wrench to the object that is a pure force acting 
upward along the y-axis of the inertial frame. It seems 
intuitive that, if there is enough friction, the hand will be able 
to squeeze the object with friction forces preventing the 
object’s upward escape. Also, as the applied force increases in 
magnitude, the magnitude of the squeezing force [68] will 
have to increase accordingly. 

Since force closure is dependent on the friction models, 
common models will be introduced before giving formal 
definitions of force closure. 

4.4. Approximate Force Closure Tests 

Any of the friction cones discussed can be approximated as 
the nonnegative span of a finite number �� of generators G
£  of the friction cone. Given this, one can represent the set of 
applicable contact wrenches at contact � as follows: 

6
A
 � ¤
¥
  , ¥
  �  0 , 
where ¤� �  �G
R  X X X  G
7¦�  and ¥
  is a vector of 

nonnegative generator weights. If contact �  is frictionless, 
then r �� = 1 and ¤
 � §�̈
8 �K
 � ©� ? �̈
�8ª8

. 

If contact � is of type HF, we represent the friction cone by 
the nonnegative sum of uniformly spaced contact force 
generators (Fig.7) whose nonnegative span approximates the 
Coulomb cone with an inscribed regular polyhedral cone [69]. 
This leads to the following definition of ¤
 : 

¤
 � «… 1 …… �
 cos�2®/�g� …… �� sin�2®/�g� …±       (21) 

 

Fig. 7. Quadratic cone approximated as a polyhedral cone with seven generators. 

where the index k varies from 1 to �� . If one prefers to 
approximate the quadratic friction cone by circumscribing 
polyhedral cone, one simply replaces �
  in the above 
definition with �
/cos(π��). The adjustment needed for the SF 
model is quite simple. Since the torsional friction in this 
model is decoupled from the tangential friction, its generators 
are given by §1 0 0 ² H9
  ª8 Thus Si for the SF model is:  

¤
 �  
³
µ́… R … R R… ¡� >�¶�S·¸/7¹� … 4 4… ¡� ¶º��S·¸/7¹� … 4 4 …    4 … »¼� �»¼�  

½
¾¿          (22) 

where b is the characteristic length used to unify units. The set 
of total contact wrenches that may be applied by the hand 
without violating the contact friction law at any contact can be 
written as: 
Where ¤ �  �¤1,X X X , ¤�B�  and σ = ( ¥R8 … ¥7¹8 �8 . It is 

convenient to reformulate the friction constraints 

ÀÁ �  ÂÃ , Ã �  Ä ,  
In a dual form: 

�
A
 � 0                        (23) 

In this form, each row of Fi is normal to a face formed by 
two adjacent generators of the approximate cone. For an HF 
contact, row � of Fi can be computed as the cross product of G
  and  G
 � 1. In the case of an SF contact, the generators are 
of dimension four, so simple cross products will not suffice. 
However, general methods exist to perform the conversion 
from the generator form to the face normal form [40]. 

 The face normal constraints for all contacts can be 
combined into the following compact form: [69] 

�A �  0 ,                     (24) 

where F = Blockdiag ��1, . . . , ���  �.Let �
 ∈ DÅ� be the first 
row of Hi. Further let J � �J1, . . . , J�K  �  ∈  DÅ and let E = 
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Blockdiag 	J	 = (J1, . . . , J�K 	) 	 ∈ 	Du?7�  The following linear 
program is a quantitative test for frictional form closure. The 
optimal objective function value d*is a measure of the 
distance the contact forces are from the boundaries of their 
friction cones, and hence a crude measure of how far a grasp is 
from losing frictional form closure.	

LP2: maximize: d  
Subject to: 6	A	 = 	0		�A � 1�	 � 	0  �	 � 	0  JA ≤ ��. 
The last inequality in LP2 is simply the sum of the 

magnitudes of the normal components of the contact forces. 
After solving LP2, if d∗ = 0 frictional form closure does not 
exist, but if d∗> 0, then it does. If the grasp has frictional form 
closure, the last step to determine the existence of force 
closure is to verify the condition N (G) ∩ N (JT) = 0. If it holds, 
then the grasp has force closure. This condition is easy to 
verify with another linear program LP3. 

LP3: maximize: d  

Subject to: 6A = 0 Æ8A = 0 UA � 1� ≥ 0 � ≥ 0 JA ≤ ��. 
4.5. Planar Simplifications [70] 

In planar grasping [71, 72]systems, the approximate 
method described above is exact. This is because the SF 
models are meaningless, since rotations about the contact 
normal would cause motions out of the plane. With regard to 
the HF model, for planar problems, the quadratic friction cone 
becomes linear, with its cone represented exactly as: 

�
 �	 R
 RÇ¡�È É

�
 1�
 �1Ê           (25) 

Nguyen’s graphical form closure test can be applied to 
planar grasps with two frictional contacts [52]. The only 
change is that the four contact normals are replaced by the 
four generators of the two friction cones. However, the test 
can only determine frictional form closure, since it does not 
incorporate the additional information needed to determine 
force closure. 

5. Reviewing the Mathematical Studying 

for Grasping 

Grasped Polygon in the Plane 

Part 1: G and J 
Figure 8 shows a planar hand grasping a polygon [73]. 

Finger 1 (on the right) contains two joints numbered 1 and 2. 
Finger 2 contains joints 3–7, which are numbered in 
increasing order moving from the palm distally. The inertial 
frame has been chosen to lie inside the object, with its x-axis 
passing through contacts 1 and 2, [75] and collinear with the 
normal vector of contact 2. 

 

Fig. 8. Planar hand with two fingers and seven joints grasping a polygonal 

object. 

The rotation matrices are given by: 

=R �	Ë�0.8 �0.60.6 �0.8Í	, =S �	Ë1 00 1Í.     (26) 

Assuming HF contacts, G is given as 

6 � 	Î�0.8 �0.6	0.6 �0.8Å@ �ÅÏ Ð
1 00 10 	�ÅÑÒ         (27) 

It was noted that the first two columns of G correspond to 
the normals and tangential unit vectors at contact 1. The third 
and fourth columns correspond to contact 2. 

Assuming HF contacts and that all joints are active (i. e., not 
locked), J is: 

            (28) 

The first two columns of J
T are the torques required to 

produce a unit force in the n̂ 1 and t̂1 directions at contact 
1. The horizontal line through the matrix partitions the 

contributions for the first finger (the upper part) and second 
finger. Notice that both JT and G are full column rank. 

Part 2: Grasp Classes 
This example clearly illustrates the physical qualities of the 

various grasp classes [74-76] without introducing features that 
can cloud the descriptions. We now discuss the details of the 
four grasp classes using the previous planar example. During 
these discussions it is useful to choose non-dimensional 
values for the parameters in the grasping system. Assume ÅÓis 
the unit length. The other lengths as fractions of ÅÓ are: 

Å	R � 	2.7	, 	ÅS 	� 	1.0	, 	ÅÔ 	� 	1.7	,	
ÅÓ 	� 	1.0	, 	ÅÕ 	� 	1.0	, 	Å@ 	� 	1.0	,	

ÅÏ � 	1.3	, 	ÅÑ 	� 	1.5.	
Redundant 
Redundancy exists if h�Æ�  is nontrivial. Assuming that 

both contacts are hard contacts and that all the joints are active, 
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rank (J) = 4, so h�Æ� is three dimensional. A basis for h�Æ� 
was obtained as 

h�Æ�	 Ö
³
´́́
µ

00�0.50	0.53	0.48�0.48�0.02

00�0.24	0.67�0.49	0.49	0.01

00�0.10�0.10�0.02	0.02	0.98 ½
¾¾¾
¿

        (29) 

Since the first two rows are zero, h�Æ� does not include 
motions of the first finger (on the right of the palm). To 
understand this, assume that the object is fixed in the plane. 
Then the first finger cannot maintain sticking contact at 
contact 1 unless its joints are also fixed. 

The three nonzero columns corresponding to finger 2 show 
that there are three basis motions of its joints that allow the 
finger contact to stick to the object contact. For example, the 
first column shows that, if joint 3 moves roughly as much as 
joints 4, 5, and 6, but in the opposite direction as joints 4 and 5 
and in the same direction as joint 6, while joint 7 is more or 
less fixed, then contact 2 will be maintained. 

As can be seen the finger 2 comprises a parallelogram. For 
the reason of its geometry, one can easily understand that the 
vector �0	0	0	 � 11 � 11�8  is an element of h�Æ� . The 
velocity interpretation of this vector is the link of the finger 
which is connected to the palm, and the link touching the 
object remain fixed in space, while the parallelogram moves 
as a simple four-bar mechanism. In the same way, joint actions 
in h�Æ�  do not affect the contact forces, however cause 
internal hand velocities. It should be noted that, 
sinceh�Æ8� 	� 	0, the complete space of likely generalized 
velocities and forces at the contacts could be calculated based 
on above information. 

Indeterminate 
With HF contact models, the system exists graspable. But, 

substituting the HF models with PwoF models eliminates the 
tangent force components in the t̂1 and t̂2directions. This 
simple and effective replacing eliminates columns 2 and 4 
from G. Therefore it can be inferred that the structure will be 
indeterminate. The reduced matrix (6�R,Ô� ) can be expressed 
as: 

h�6�R,Ô�8 )Ö Î 0�0.86	0.51 Ò               (30) 

As can be inferred that this basis vector relates to moving 
the object such that the point coincident with the origin of {N} 
moves straight downward, while the object rotates 
counterclockwise. Also, if the analogous force and moment 
were applied to the object, the frictionless contacts cannot 
maintain equilibrium [61, 65]. 

Graspable [65, 67] 
With two HF contact models in force, h�6�  is one 

dimensional and the system is graspable (rank (G) = 3). The 
null space basis vector of the grasp matrix is as follows: 

h�6� Ö Ø4.ÕÏ4.ÓS4.ÏR4 Ù                  (31) 

The physical interpretation of this basis vector consist of 
two opposing forces acting through the two contact points. It 
is worth noting that the contact model is kinematic, and there 
is not consideration of contact friction. Given that the 
direction of the contact normal with regard to the line of the 
internal force, it can be inferred that if the coefficient of 
friction isn't more than 0.75, pressing firmly will cause sliding 
at contact 1. 

Defective [77] 
In a defective grasp, N (JT) ≠0. Given that the original J is 

full row rank, the grasp is not defective. However, it can be 
made defective by locking a number of joints and/or changing 
the hand’s configuration so that J is no longer full rank. For 
example, locking joints 4, 5, 6, and 7 makes finger 2 a 
single-link finger with only joint 3 active. In this new grasping 
system, Æ�R,S,Ô�8  is simply the first three rows of the original JT 
given in (28), where the subscript is the list of indices of active 
joints. The null space basis vector is: 

hÚÆ�R,S,Ô�8 Û � Ø444RÙ              (32) 

Would be impossible for the hand to give the contact point 2 
on the object a velocity in the�̂2-direction while maintaining 
the contact. This is also clear from the arrangement of joint 3, 
contact 2, and the direction of the contact normal.  

The dual interpretation is that forces in h	�Æ8� are resisted 
by the structure and the corresponding joint loads is zero, or 
equivalently that those forces are not controllable by the hand. 
Notice that if the model of contact 2 were changed to point 
without friction, then h�Æ�R,S,Ô�8 � � 	0 and the system would 
no longer be defective. 

 

Fig. 9. A sphere grasped by a finger with three revolute joints. The force 

direction AÝ (dashed line) is a force that belongs to both h�6� and h�Æ8� 
and causes hyper staticity. 

6. Conclusion and Future Works 

In this paper, a review for schematics models of different 
and various types for grasping of varying geometric objects. 
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Hence, we analyzed and evaluated models of two-fingered 
end-effector, three-fingered and multi fingered to 
autonomously grasps structure and geometrical position of 
objects. In order to understand the mathematical studying for 
grasping such as grasped polygon in the plane, and hyper 
static grasping are investigated in details. 

A great deal of understanding of grasping systems can be 
derived from the simple linear kinematic, dynamic, and contact 
models [78]. The most commonly used grasp classifications 
and closure properties can all be derived from the rigid-body 
assumption. Linearizing these prototypes clues to metrics and 
tests that can be computed by using linear programming 
technique and also computational linear algebra.  

Contact friction models are not fairly as simple as the 
Coulomb approximation so widely adopted. For instance, if a 
contact has to resist a moment approximately its normal, its 
effective tangential friction coefficient is diminished [78]. It is 
worth noting that the quadratic Coulomb friction cone was 
approximated by a polyhedral cone. The analysis problems are 
hard enough when using the quadratic cone, however they are 
reasonably amenable [79]. 

As the future work could be got several objects instantaneous 
or solving force distribution problem with nonlinear friction 
cone limitations by taking benefit of second-order cone 
programming and other related techniques. The other future 
work can be investigated is grasping in micro-robot. Since 
today micro-robots cannot grasp all objects. 

Appendix 

For more information about for Hyperstatic Grasps see 
[74-76]: 

http://www.tyrazis.com/appendix/appendix.html. 
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